Abstract. An investigation of two-time correlation functions is reported within the framework of (i) stochastic quantum mechanics and (ii) conventional Heisenberg-Schrödinger quantum mechanics. The spectral functions associated with the two-time electric dipole moment correlation functions are worked out in detail for the case of the hydrogen atom. While the single time averages are identical for stochastic and conventional quantum mechanics, differences arise in the two approaches for multiple time correlation functions.
Introduction
While most working physicists pay homage to the Copenhagen interpretation of the Heisenberg-Schrödinger quantum mechanics (QM), many others seek a more causal reinterpretation. One ambitious effort in this direction has its origin in the works of Bohm [1, 2] . Bohm employed a formalism for computing the paths for quantum mechanical particles closely analogous to the method of Hamilton and Jacobi. Nevertheless the Bohm approach [3] [4] [5] , also known as stochastic quantum mechanics (SQM), has been thought to reproduce in all instances the same probability distributions as does QM.
The research concerning SQM involves a considerable number of authors dealing with various aspects, even if not always within the terms as originally proposed by Bohm [6] . Studies of extension of the Bohm approach to the relativistic case are also available [7] [8] [9] [10] [11] . Notwithstanding the relatively difficult nature of SQM computations, it is a generally accepted belief that, where a comparison is possible, SQM and QM would give the same results. This is indeed the case for the average values of observables at a fixed time.
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However, in a previous work [12] , examples were reported in which SQM produces results different from QM. The examples involved the two-time correlation functions of the electric dipole moment components in the hydrogen atom. Within SQM, an explicit numerical calculation was performed [12] yielding the related spectral function (Fourier transform of the two-time correlation function) for the hydrogen atom in the excited state |nlm = |211 . It was found to be quite different from the corresponding quantity in QM.
Our purpose is to study in more detail the comparison between the frequency spectral functions in the two theories. The general definition of two time correlation functions (for a generic system described by a time independent Hamiltonian H) is
The related noise spectral functions are defined as the Fourier transform
Sum rules for the functions S AB (ω) are investigated in terms of their kth-order moments γ (k) ,
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Taking up (for definiteness) the case of the electric dipole moment p(t) = e r(t) of the hydrogen atom, the following issues are addressed: (i) an explicit analytic form is derived (in terms of modified Bessel functions) within SQM for the noise spectral function of the electric dipole moments for the first few excited states, explicitly |nlm = |211 , |322 , |321 and |311 . General formulas are given for special combinations of quantum numbers, e.g. |n, l, m = |n, n − 1, n − 1 and |n, n − 1, n − 2 ; (ii) a general proof is given concerning the asymptotic behavior of the spectral functions of the dipole moment fluctuations. As ω → ∞, the spectral functions vanish with a power law for both QM and SQM, but with different exponents; (iii) the moments of the spectral functions are investigated both for QM and SQM, showing explicitly the second order moment differences. In Section 2 a brief review of the stochastic quantum mechanics is provided and in Section 3 the general notion of the two-time correlation function is defined. The related spectral function is also introduced. In Section 4, an explicit calculation is reported for the hydrogen atom two-time correlation function of the electric dipole moment. The spectral function asymptotic behavior for large frequency is discussed. Section 5 contains a discussion of moment sum rules, and in the concluding Section 6 the differences between QM and SQM are further explored.
The stochastic quantum mechanics and particle trajectories
In SQM the wave function ψ(r, t) entering into the Schrödinger equation,
is conveniently written in the form ψ = Re iS/ . R and S are real functions. SQM then provides a causal interpretation for the two resulting coupled differential equations thus obtained; i.e.
∂S ∂t
The first of the above two equations is of the HamiltonJacobi form. This is generalized by the presence of a new term which takes into account the quantum effects via the quantum potential contribution
S is the SQM version of the Hamilton principal function. The equations of motion are computed froṁ
here v(r, t) is the velocity of the particle that passes through the point r at time t. Equation (5b) highlights the statistical character of the theory and is interpreted as a continuity equation. As with the classical statistical description, one introduces quantities which account for the particle properties of an ensemble of identical systems (same Hamiltonian, same quantum state, etc.) with trajectories. If the initial distribution in configuration space ρ(r, t 0 ) is assumed to be given by ρ(r, t 0 ) = R 2 (r, t 0 ) = |ψ(r, t 0 )| 2 then the distribution ρ(r, t) satisfies the continuity equation provided that ρ(r, t) = |ψ(r, t)| 2 at all times. This expresses the time invariance of the configuration-space measure "ρ(r, t) d 3 r". The probability distribution in configuration space given by ρ = |ψ| 2 is called the quantum equilibrium distribution. A system is then said to be in quantum equilibrium when its configurations are randomly distributed according to the quantum equilibrium distribution [4] . This is the socalled quantum equilibrium hypothesis (QEH): if a system is described by the wave function ψ then its configurations are distributed according to ρ = |ψ| 2 . The fact that R 2 (r, t) = |ψ(r, t)| 2 is the probability density that the particle is at r at time t holds true in SQM, assures that one finds the same results as in QM. The probability density |ψ(r, 0)| 2 gives information on the initial conditions necessary for the quantum HamiltonJacobi theory to be applied, thereby allowing the determination of particle trajectories through equation (7).
In SQM, the probability density at time t is related to particle trajectories. Closely analogous to classical statistical mechanics, starting from the initial distribution ρ(r 0 , t 0 ) = |ψ(r 0 , t 0 )| 2 , one has:
Averaging the initial position r 0 then yields the same average values of the corresponding operators in quantum mechanics. Consider the Hermitian operatorÂ =Â(r,p). In the r representation, in a state ψ(r, t) = r|ψ(t) , one has Â t = ψ * (r, t)Â(r, −i ∇)ψ(r, t)d 3 r.
ThatÂ is Hermitian, allows the definition of a local expectation value which, when integrated over all space, yields the average value Â . One defines A(r, t) = e ψ * (r, t)Â ψ (r, t) ψ * (r, t)ψ(r, t) ,
such that Â t = A(r, t)R 2 (r, t)d 3 r.
3 Two-time correlation functions
In the previous section it was shown how the two theories (SQM and QM) are completely equivalent if one considers
